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Abstract
We study a formal extension of the Dirac equation in the framework of a non-commutative two-sheeted space–time. It is
shown that this approach naturally extends the classical Dirac theory by doubling the number of fermionic states, which can
then be identified as matter and hidden-matter states. Our model exhibit several interesting features that could have observational
consequences. Among them, we predict a small electromagnetic coupling between matter and hidden matter universes which
should lead to matter/hidden matter oscillations in presence of intense electromagnetic vector potentials.
 2005 Elsevier B.V.
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1. Introduction
The concept of hidden matter traces back to 1956 when Lee and Yang first noticed that the parity violation
problem involved in the weak interactions could be solved by enlarging the particle content to include a mirror
sector [1]. The underlying idea of a mirror sector is to duplicate the standard model and allow opposite symmetry
breaking in the two sectors. Thus, for each left-handed particle there would be a right-handed mirror partner to
restore parity.
This idea was further extended by a number of authors over the years and there is now a huge collection of
papers devoted to this topic. Usually, it is assumed that usual matter and matter from the hidden world cannot
interact through ordinary interactions except gravitation. As a consequence, hidden matter made of hidden atoms
could exist with exactly the same internal properties as ordinary matter but would be completely undetectable for
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idea to allow a possible coupling of matter and mirror matter at the quantum level. This coupling involves some
specific kind of interactions including for instance photon–mirror-photon kinetic mixing [2] and also neutrino–
mirror-neutrino mass mixing [3]. These authors conclude that even if those interactions are tiny, the experimental
consequences could be dramatic. Several possible astrophysical, cosmological and physical implications of mirror
matter are extensively reviewed in [2,4].
Many other theoretical approaches use the phenomenological power of a hidden sector. One of the most im-
portant concerns superstring theories with E8 × E8 symmetry group [5]. This approach assumes that particles are
associated with the endpoints of open strings which are attached to D-branes. Ordinary and hidden-sector particles
live then on different branes embedded in the bulk of a higher-dimensional space.
More recently, Connes proposed a two-sheeted space–time using non-commutative geometry (NCG) [6,7]. In
his work, left- and right-handed fermions are assumed to live on the two different sheets, which are coupled by
a scalar field representing the Higgs field. Thus, in the low energy limit, this theory predicts the existence of two
copies of space–time associated with a double Hilbert space. The cornerstone of this approach is to restrict the
five-dimensional space to a finite number of discrete points, generally two [8–12]. In several aspects, the two-
sheeted space–time represents a discretized version of Kaluza–Klein theory in which, the fifth compact circular
dimension is replaced by discrete points. This theory also presents some specific advantages like for instance a
possible explanation of the huge difference between the electroweak and the Planck scales.
In the present Letter, the NCG developed by Connes will be used to extend further the idea of a hidden sector
embedded in a 5D bulk. Our study focuses on the dynamics of a massive particle in a two-sheeted space–time
using relevant extensions of the Dirac and Pauli equations. The results of this model differ from previous works of
literature essentially by the way of the particle mass is introduced into the model. It is shown that this approach
leads to several interesting phenomena that could have strong observational consequences. The most noticeable
ones concern two-sheeted oscillations of massive fermions in presence of an electromagnetic vector potential and
a possible increase of the electric charge with the particle velocity.
The Letter is organized as follows. In Section 2, we will first develop the minimal mathematical knowledge
required to introduce the NC two-sheeted space–time. Then, we shall propose a formal extension of the Dirac equa-
tion and we will show that it allows for exact diagonalization in flat space–time. In Section 3, the non-relativistic
limit of the NC Dirac equation in presence of a two-sheeted gauge field will be derived. It will be shown that it
leads to a system of coupled Pauli equations relative to both sheets. Finally, we will determine the effect on the
particle dynamics of (1) a constant magnetic vector potential solely or (2) coupled with a magnetic field. The last
section closes by discussing some physical implications of the model.
2. Z2 non-commutative Dirac equation in flat space–time—mathematical framework
Let us introduce a bi-Euclidean space X defined as the product of a 4 continuous manifold by a discrete two
points space, i.e., X = M × Z2. Any smooth function in this space–time belong to the algebra A = C∞(M) ⊕
C∞(M) and can be adequately represented by a 2 × 2 diagonal matrix F such that
(1)F =
(
f1 0
0 f2
)
.
The expression of the exterior derivative D = d +Q where d acts on M and Q on the Z2 internal variable has been
given by Connes [6]: D : (f1, f2) → (df1, df2, δ.(f2 − f1), δ.(f1 − f2)). Viet has proposed a representation of D
acting as a derivative operator and fulfilling the above requirements [9]. Following this author we set
(2)Dµ =
(
∂µ 0
0 ∂µ
)
, µ = 0,1,2,3 and D5 =
(
0 δ
−δ 0
)
.
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The parameter δ has the dimension of mass in order to give the fifth component of space–time the same dimen-
sion as the other components. Its acts as a finite difference operator along the discrete dimension and corresponds
formally to the distance between the two sheets. Using (2), one can build the Dirac operator defined as
(3)/D = Γ NDN = Γ µDµ + Γ 5D5.
By considering the following extension of the gamma matrices (we are working in the Hilbert space of spinors,
see [7])
(4)Γ µ =
(
γ µ 0
0 γ µ
)
and Γ 5 =
(
γ 5 0
0 −γ 5
)
it can be easily shown that the Dirac operator given by Eq. (3) has the following self-adjoint realization:
(5)/D =
(
/D+ δγ 5
δγ 5 /D−
)
=
(
γ µ∂µ δγ
5
δγ 5 γ µ∂µ
)
.
Usually in Z2 non-commutative geometry, one considers that the off diagonal term proportional to δ (which is a
matrix in the most generalized case) is related to the particle mass through the Higgs field. In this work we make
a different choice and consider that δ is constant and take the same value for every particles. To take into account
different particles, it is thus necessary to introduce a mass term as in the classical approach of Dirac’s equation,
e.g.,
(6)M = m
(
I4 0
0 I4
)
whereas we keep the scalar field δ constant.
By analogy with the classical approach, one can then construct a 2-sheeted Dirac equation such that
(7)DiracΨ = (i/D −M)Ψ = 0
with Ψ = (ψ+ψ−
)
the two-sheeted wave function. In this notation, the indices ‘+’ and ‘−’ are purely conventional
and simply allow to discriminate the two sheets embedded in the 5D bulk.
It can be easily shown that Eq. (7) can be derived from the Lagrangian L such that
(8)L= Ψ¯ (i/D −M)Ψ,
where Ψ¯ = (ψ¯+, ψ¯−) is the two-sheeted spinor adjoint to Ψ and with ψ¯+ and ψ¯− the spinors conjugated respec-
tively to ψ+ and ψ−.
From (7), one gets
(9)(i/D −M)Ψ = (iΓ NDN −M)Ψ =
(
iγ µ∂µ −m iδγ 5
iδγ 5 iγ µ∂µ −m
)(
ψ+
ψ−
)
.
Thus the equation of motion for the two-component field
(ψ+
ψ−
)
becomes
(10)iγ µ∂µψ+ −mψ+ + iδγ 5ψ− = 0,
(11)iγ µ∂µψ− −mψ− + iδγ 5ψ+ = 0.
The coupling between the two sheets arises from the presence of the δ term. It disappears completely for δ = 0,
which corresponds to infinitely, separated sheets. Note that the system derived here is similar to the one discussed
in [13] to explain the flavor oscillation of neutrinos. We will return to this in the last section. It is worth noticing
that if the mass m equals to zero, then Eqs. (10) and (11) turn out to be the standard equations of the Z2 non-
commutative space–time [6]. In that case, the indices ‘+’ and ‘−’ can be substituted by the indices L and R which
refer to actual left and right parity states.
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To solve the system (9), we introduce the auxiliary field Φ such that
(12)Ψ = {iΓ NDN + M}Φ.
It is then straightforward to show that Φ satisfies
(13){+m2 + δ2}Φ = 0.
Let us make the following plane wave solution ansatz: Φ = Φ0 exp[−iε(Et − p · x)] with ε = ±1 to take into
account the positive and negative energy solutions.
Then Eq. (13) gives
(14)[−E2 + p2 +m2 + δ2]Φ = 0
such that the energy eigenvalues are E = √p2 +m2 + δ2 with ε = ±1. Note that the distance between the two
sheets appears here as a simple correction to the particle rest mass. So, even in the case where m = 0, the mass of
the fermion can never be completely equals to zero. Perhaps, the smallness of neutrino masses could be explained
that way.
For a momentum
(15)p = p(sin θ cosφ, sin θ sinφ, cos θ)
we now define two-component eigenstates of the matrix σ · p for later convenience
(16)χ1/2( p) =
(
cos(θ/2)
sin(θ/2) exp[iφ]
)
and χ−1/2( p) =
(− sin(θ/2) exp[−iφ]
cos(θ/2)
)
.
For the positive energy, we then look for solutions of the form
(17)Φλ =


χλ
0
0
0

 or Φλ =


0
0
χλ
0


whereas for the negative energy, we consider
(18)Φλ =


0
χλ
0
0

 or Φλ =


0
0
0
χλ


with λ = ±1/2.
Using the following representation of the Dirac matrices:
(19)γ 0 =
(
I2 0
0 −I2
)
, γ i =
(
0 σi
−σi 0
)
, γ 5 =
(
0 I2
I2 0
)
with (γ 5)2 = 1 and {γ 5, γ µ} = 0, it can be shown that Eq. (12) leads to
(20)Ψ =


E +m −σ · p 0 iδ
σ · p −E + m iδ 0
0 iδ E + m −σ · p
iδ 0 σ · p −E +m

Φ.
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energy (ε = +1)
(21)Uλ = 1√2E(E + m)


(E + m)χλ
σ · pχλ
0
iδχλ

 , U˜λ = 1√2E(E +m)


0
iδχλ
(E +m)χλ
σ · pχλ


and for the negative energy (ε = −1)
(22)Vλ = 1√2E(E +m)


σ · pχλ
(E + m)χλ
iδχλ
0

 , V˜λ = 1√2E(E +m)


iδχλ
0
σ · pχλ
(E +m)χλ

 .
It is instructive to compare those solutions with the usual ones given by the standard Dirac equation, i.e., for the
positive energy
(23)uλ = 1√2E(E + m)
[
(E +m)χλ
σ · pχλ
]
and for the negative energy
(24)vλ = 1√2E(E +m)
[ σ · pχλ
(E +m)χλ
]
.
One can see that the two-sheeted solutions can be identified with the classical ones provided that δ → 0. So, for a
very small δ, the difference between the standard and the two-sheeted Dirac theory is not expected to be significant.
In our approach the positive and negative energy solutions are assumed to correspond to particle and antiparticle
respectively, as in the classical Dirac theory.
The form of solutions Ψ indicates that the fermion doubling is related to the two possible localization of the
particles in 5D, i.e., in one or the other sheet. For illustrative purpose, let us consider the case of a positive energy
particle. A particle mainly located in the first sheet can be written as a linear combination of Uλ solutions, i.e.,
(25)Ψ = 1√
V
∑
λ
NλUλ exp
[−i(Et − p · x)]
with Nλ such that
∑
λ |Nλ|2 = 1.
Let also P+ and P− be the probability for the particle to be in the first (noted ‘+’) and second (noted ‘−’)
sheet, respectively. Then, considering the integrated value of |ψ+|2 and |ψ−|2 (given by the four first and four last
components of Ψ ), it can be shown that
(26)P+ = 1 −K,
(27)P− = K
with K = δ2/[2E(E +m)]. Provided that δ is small enough, i.e., K  1, one verifies that the particle is mainly in
the sheet ‘+’. In the same way, a particle corresponding to a wave function Ψ written as a linear combination of U˜λ
solutions is mainly located in the sheet ‘−’. Notice that since the “confinement” of the particle within the sheet
increases with the energy of the particle (decreasing K), the apparent electric charge of a particle should follow
the same behavior and this could be a possible way to experimentally check out the validity of the model. We note
that if we consider, for instance, the case of an electron in the rest of frame and if we suppose a distance between
both sheet on the order of 1 mm, the related value of δ leads to K ∼ 4 × 10−20. Even if the distance decreases to
one angstrom, then K ∼ 4 × 10−6. The electric charge values q = eK then obtained are close but out of the range
of measurements obtained in the current experiments [14].
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4. Role of the electromagnetic field and the Pauli equation in the two-sheeted space–time
The most general form for a two-sheeted gauge field is given by
(28)A =
(
A+ χ
χ A−
)
.
A gauge field on such a generalized space–time consists of the usual gauge field A+, A− in the two Euclidean
manifolds supplemented by a scalar field χ , usually identified as the Higgs field. In this Letter, we will limit
ourselves to the more restrictive gauge with χ = 0 to concentrate only on the effect of the photon fields.
By construction, A+ is coupled with the four first components of the spinor Ψ (i.e., ψ+) whereas A− is coupled
with the four last components (i.e., ψ−). The minimal coupling of the gauge field with the Dirac fields yields to
(29)(i(/D +A) − M)Ψ =
(
iγ µ(∂µ + iA+,µ) −m iδγ 5
iδγ 5 iγ µ(∂µ + iA−,µ) −m
)(
ψ+
ψ−
)
.
It is instructive to note that the operator Γ 5D5 in /D does not commute with A since
(30)[Γ 5D5,A]=
( 0 2iδγ µγ 5(A+µ −A−µ)
2iδγ µγ 5(A−µ − A+µ) 0
)
.
This point is noteworthy as the off-diagonal terms suggests the existence of electromagnetic coupling between
matter and hidden matter sectors. Notice that in order to avoid a breaking of the electromagnetic gauge invariance,
we are forced to consider that the same gauge transformation applies simultaneously to both sheets. As the value
of δ is not dictated by any obvious physical considerations, the coupling strength might be strong enough to affect
quantum phenomena. The last part of this Letter addresses this important issue.
To clarify the effect of the coupling term, it is suitable to derive the non-relativistic limit of the Dirac equation.
We start with
(31)iγ µ(∂µ + iA+,µ)ψ+ −mψ+ + iδγ 5ψ− = 0,
(32)iγ µ(∂µ + iA−,µ)ψ− −mψ− + iδγ 5ψ+ = 0.
Following the standard procedure to derive Pauli’s equation from Dirac’s one, one can easily show that
(33)i ∂ϕ1
∂t
=
[
1
2m
[
(−i ∇ − A+)2 + δ2
]+ A+,0 −
( σ · B+
2m
)]
ϕ1 + i δ2m
[σ · ( A+ − A−)]χ1,
(34)i ∂χ1
∂t
=
[
1
2m
[
(−i ∇ − A−)2 + δ2
]+A−,0 −
( σ · B−
2m
)]
χ1 + i δ2m
[σ · ( A− − A+)]ϕ1
with B+ and B− the magnetic fields on the two sheets, and where we have used ψ+ =
(
α1
α2
)
and ψ− =
( β1
β2
)
. To
derive (33) and (34), we have assumed that the mass term prevails on the kinetic and Coulomb energies.
So, we get two Pauli equations coupled through the magnetic vector potentials of both sheets. We stress that the
wave functions on the two sheets correspond to the “large components” of the Dirac equation as in the standard
approach.
Clearly, those equations allow a non-gravitational interaction between the two sectors. The nature of the coupling
is however different from the one discussed in earlier papers as we will see hereafter [3]. Once again, we stress
that for A+ = A− = 0, the coupling disappears and the two copies of space–time are completely non-interacting
(in flat geometry). In that case, the field theory treatment reduces to the standard quantum mechanics with two
independent Pauli equations.
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To investigate the behavior of a particle belonging to this “Z2 space–time”, we now look at a special but phys-
ically instructive case of coupling between both sheets. We first rewrite Eqs. (33) and (34) in a much simpler
form:
(35)i∂0
(
ϕ1
χ1
)
=
(
H+ W
−W H−
)(
ϕ1
χ1
)
= HZ2
(
ϕ1
χ1
)
with HZ2 the two-sheeted Hamiltonian with components
(36)H+ = 12m
[
(−i ∇ − A+)2 + δ2
]+A+,0 −
( σ · B+
2m
)
,
(37)H− = 12m
[
(−i ∇ − A−)2 + δ2
]+A−,0 −
( σ · B−
2m
)
,
(38)W = i δ
2m
[σ · ( A+ − A−)].
To focus specifically on the coupling between both sheets, let us consider the more restrictive Hamiltonian
(39)HZ2 =
(
0 W
−W 0
)
.
The calculation can be further simplified by taking zero scalar potentials on both folds, just keeping the vector
potential in the ‘+’ sheet, i.e.,
(40)A+,z = A0, A+,j 	=z = 0 and A−,z = 0, A−,j 	=z = 0.
In that case, the previous system of Pauli equations leads to
(41)∂0ϕ1 = δ2mσ
zA0χ1,
(42)∂0χ1 = − δ2mσ
zA0ϕ1.
Using
ϕ1 =
(
ϕ+1
ϕ−1
)
and χ1 =
(
χ+1
χ−1
)
with σz =
(
1 0
0 −1
)
,
one gets
(43)∂ϕ
+
1
∂t
= δ
2m
A0χ
+
1 ,
∂ϕ−1
∂t
= − δ
2m
A0χ
−
1 ,
∂χ+1
∂t
= − δ
2m
A0ϕ
+
1 ,
∂χ−1
∂t
= + δ
2m
A0ϕ
−
1 .
The general solution can be readily derived
ϕ+1 (t) = C1 sin(ωt) + C2 cos(ωt), ϕ−1 (t) = C4 cos(ωt) +C3 sin(ωt),
(44)χ+1 (t) = C1 cos(ωt) − C2 sin(ωt), χ−1 (t) = −C3 cos(ωt) +C4 sin(ωt),
where we have set ω = δA02m .
Assume that at t = 0, we have ϕ+1 (0) = 1, ϕ−1 (0) = 0, χ+1 (0) = 0, χ−1 (0) = 0 (the particle is located in the ‘+’
sheet with a spin up) then we get
(45)ϕ+1 (t) = cos(ωt) and χ+1 (t) = − sin(ωt)
whereas the other components of the wave function vanish.
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(46)P+ =
∣∣ϕ+1 (t)∣∣2 = cos2(ωt) and P− = ∣∣χ+1 (t)∣∣2 = sin2(ωt).
Therefore, we find that the particle oscillates between the two sectors with a time periodicity depending on the
intensity of the magnetic vector potential. This result is the most striking one of this Letter as it suggests a possible
exchange of matter between the two sheets. It is however a very simplified model that does not take into account
the perturbative effects exerted by the environment.
6. Combination of a constant vector potential and a magnetic field
We can get some insight onto the question of the environmental effects by considering the case of a static
magnetic field B+ = B0ez superimposed to the vector potential (40). In this approach, no magnetic field is pos-
tulated in the ‘−’ sheet. Moreover, one considers that the vector potential due to the magnetic field B+ is much
smaller than A+ such that its contribution to the overall vector potential can be completely neglected. Under those
assumptions, it can be easily shown that Eqs. (33) and (34) lead to
(47)i∂0ϕ1 = −σ
zB0
2m
+ iδ
2m
σzA0χ1,
(48)i∂0χ1 = − iδ2mσ
zA0ϕ1.
A procedure similar to the one developed in the preceding paragraph allows then to find the solution
(49)ϕ+1 (t) = exp
[
i
K
2
t
]{
cos
[
1
2
√
K2 + 4ω2 t
]
+ K√
K2 + 4ω2 sin
[
1
2
√
K2 + 4ω2 t
]}
,
(50)χ+1 (t) = − exp
[
i
K
2
t
]
2ω√
K2 + 4ω2 sin
[
1
2
√
K2 + 4ω2 t
]
with K = B0/2m. The other components of the field vanish. To derive Eqs. (49) and (50), we have used the initial
conditions of the third paragraph at time t = 0.
Thus, in presence of a magnetic field, the probabilities P+, P− become
(51)P+ =
∣∣ϕ+1 (t)∣∣2 = 1 − 4ω
2
4ω2 +K2 sin
2
[
1
2
√
K2 + 4ω2 t
]
, P− = 1 − P+.
So, it appears that the period and the amplitude of the oscillations decrease with the magnetic field. As a conse-
quence, the particle is confined to the sheet with strongly suppressed oscillations. One can easily convince oneself
that a similar consideration holds when the magnetic field is substituted by a scalar potential.
7. Discussion
Several models in brane theories, predict that massive particles are able to leave the brane and propagate freely
in the 5D bulk. However, it is usually assumed that only highly energetic particles can travel that way. Contrarily,
in our approach, a low energy particle can move in the 5D bulk as well by doing oscillations between both space–
time sheets. Still should we explain how locality and energy conservation could be satisfied in such circumstances.
Indeed, from the point of view of a “one-sheeted” observer, as we are, the behavior of such a particle would be
in conflict with every known physical principles, the most noticeable ones being locality and energy conservation.
However, when rescaled at a “two-sheeted” level, the problem disappears since the sum of the energies of both
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simultaneously, the particle never disappears from the 5D bulk and the apparent energy violation problem in 4D is
only an artifact of low dimensionality.
In our model, the oscillation frequency depends on the particle mass. Therefore, one may wonder what would
happen for an ensemble of particles embedded in a region of high vector potential. If all interactions can be ne-
glected, our model predicts that each particle will undergo oscillations at a specific frequency depending on its
mass. The lightest particles will oscillate first followed by the heavier particles. In the case of strongly interacting
particles however, the situation is completely different. The presence of the other neighboring particles must be
taken into account to describe adequately what happens. A complete treatment of this problem is of course far
beyond the scope of this Letter. Nevertheless, the results obtained by considering the effect of a magnetic field
are a first step to mimic the environmental effects. Our results suggest that the oscillations are strongly suppressed
in presence of an applied field similar to the one that could be generated by neighboring particles. In fact, each
collision or exchange of particles results likely in a damping of the amplitude of the oscillations as in the famil-
iar quantum Zeno effect. In such circumstances, the particle remains perfectly localized in its sheet with a frozen
oscillatory behavior.
Despite the complications due to environmental effects, it seems possible to design an experimental set-up
to evidence the oscillatory behavior. A first critical condition to be satisfied is to limit the perturbations due to
environment. That implies to avoid the presence of any electromagnetic fields and to study isolated particles only.
Very intense vector potentials must also be used to enhance the oscillation frequency between the two sheets. All
these very specific conditions can be met, for example, in a hollow cylinder with an inner flow of electrical current,
operating under a high vacuum. In this system, no magnetic nor electric field will be generated but nevertheless a
constant vector potential will appear in the hollow part of the cylinder. A source emitting charged particles of low
energy can then be placed at one side of the system; ideally this source should emit particles one by one to prevent
their mutual interaction. At the opposite side of the cylinder, a detector should be placed to collect every particle
emitted by the source. If the vector potential is fixed at a sufficiently high value, particles oscillations should occur
and the detector should record a lack of events.
If our model has a physical reality, various reasons can be proposed to explain why “two-sheeted oscillations”
have not been observed so far
(1) The damping of oscillations by collisional processes is so huge that the fermions are completely trapped in
their own space–time sheet.
(2) The intensity of the usual electromagnetic vector potentials are much too low to lead to observable oscillations.
(3) The value of δ is so small that even for very intense potentials, the oscillations remain very difficult to be
detected. Notice that since the distance between the two sheets d varies like 1/δ, this would suggest that both
space–time-sheets are separated by a cosmological distance in the discrete 5D bulk.
Obviously, the last hypothesis is the most stimulating one. Indeed, a cosmological model could shed a new light
on several puzzling phenomena such as the missing mass matter, the acceleration of the cosmic expansion. . . and
could also provide an assessment of the distance between the two sheets, necessary for determining the typical
values of ω. However, the study of such a cosmological model is left for future prospects.
8. Conclusion
In this Letter, we have considered the quantum dynamics of massive particles in a two-sheeted space–time
using the non-commutative geometry. The two-sheeted counterparts of the usual Dirac and Pauli equations have
been derived and the free field solutions of the Z2-Dirac equation have been explicitly given. It is shown that our
approach provides a possible description of matter and hidden sector matter, which are then localized on different
114 F. Petit, M. Sarrazin / Physics Letters B 612 (2005) 105–114sheets in the discrete 5D bulk. The model predicts that each isolated massive particle oscillates between the two
space–time sheets in presence of a constant magnetic vector potential.
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